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THE EXACT MULTI-PERIOD MEAN-SQUARE FORECAST ERROR      

   FOR THE FIRST-ORDER AUTOREGRESSIVE MODEL*
The purpose of  this paper is to study the behaviour in finite samples of the least-squares (LS) forecast in the simple autoregressive model
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. It is well known [Malinvaud (1970)] that the foreast bias E(
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      In the non-stationary case (Assumption 1b) the least-squares estimator is the maximum likelihood estimator.

      The s-periods-ahead forecast is given by
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and the forecast error is therefore
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From (2)we obtain the forecast bias,
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 and the mean-square forecast error,
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provided the expectations exist.
Theorem 1. The expectation of the forecast error of  
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Proof. Since it is well known that the forecast bias is zero when it exists, we only derive necessary and sufficient conditions  for its existence;

Theorem 2.Let A,B and L be the n
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Then the mean-square forecast error of 
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Where
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here c
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where the summation is over all 1
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and the scalars 
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and
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Remark 1. The matrix R
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 denotes the j th power of the matrix R.
Remark 2.  In the  stationary case (Assumption 1a) we have K=0; in the non-stationary case (Assumption 1b) we have K=1.
Existence. Let y=(y
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Following the procedure of Magnus (1986,theorem 7) and using theorem 1 of  Kinal (1980),we can then prove that E(
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     From (8) we see that the expectation of the forecast error exists if and only  if E(
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Derivation of the MSFE.Since the forecast error ,given in (7),is proportional to 
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where c
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 is defined in (12). This, together with (9),yields
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