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ORKBOOK HIGHER ENGINEERING MATHEMATICS 
CHAPTER “COMPLEX NUMBERS” (part 1)

	This workbook is intended mainly for students who have already studied the basic Mathematics and need to study and practice using the methods of Differential and Integral Calculus. All the important concepts of Calculus are explained and there are exercises of each point to concentrate on those methods, which students need to use but which often cause difficulty. The mathematical language used is as simple as possible. 
1.1 Basic definition



	Remind: numbers 1, 2, 3, …   is	set of natural numbers N; numbers  - set of whole numbers Z; quotient (decimal) , where m, n  – whole numbers and  is set of rational numbers Q.
	Both set of rational numbers Q and irrational numbers I (irrational numbers are the numbers that cannot be represented as the quotient of two integers) compose set of real numbers R.
NB!  				I = R\Q

	Gauss first introduced the term «complex number» and Girolamo Cardano (Italian mathematician, 1501 – 1576) fist used complex number in solving cubic equations. Complex numbers find applications in electric circuits, mechanical vibrating systems. Kuhn of Denzig was the first mathematician who proposed geometric representation of imaginary number .
	NB! 
	There are no real solutions to equations such as    +2 = 0    or 
 + 3 . This led to the introduction of complex numbers.
	A complex number denoted by  z  is defined as



where x  and  y are real, while     is known as the imaginary unit. Here x known as the real part of z and y  as the imaginary part of  z and are denoted as
	x = Real part of  z          = Re z
	y = Imaginary part of z  = Im z .



	For y=0 , real numbers form a subset of the complex numbers. When =0, the complex number is known purely imaginary complex numbers z. It can be represented as an ordered pair  and thus as a point in a plane known as complex plane (fig.1). Here the x-axis is called as real axis, while the  y-axis as imaginary axis.

Equality:






Two complex numbers   and  are said to be equal if  and  . Thus z1 = z2  when their corresponding real parts are equal and corresponding imaginary parts are also equal. Otherwise they are said to be not equal i.e. z1 ≠ z2 . A complex number z is zero if both the real and imaginary parts  and y are zero. Opposite complex number:   i.e.  z  and  - z  differ in the sign of the real and imaginary parts.
Complex numbers have the same addition properties as real numbers: 







.




	Since   every   complex number is represented as a point in the complex plane and vice versa, the complex number  is geometrically represented by the position vector   where O is the origin and M is the point . Let (r, ) denote the polar coordinates of M; with origin treated as the pole and positive x-axis as the polar axis. Then


,  


So     then       

	This expression is know as the trigonometric form or polar form. Here r is termed as modulus or absolute value of the complex number and is denoted by |z|.



Fig. 1






 		Thus  represents the distance of  z from origin. Here	 is the argument (or amplitude or phase) of  z, denoted as = Arg z . Principal (main) value of argument z is denoted by arg z is the value of  wich lies in the interval  . In the future we use  only for denoted arg z.


Note,  
	Principal value of argument z calc by  formula:


        if  


  if  


                 if  


             if 


 unassigment    if 
	



	The polar form is also known as modulus-amplitude form. Amplitude  - the directed angle from positive x-axis is positive in the counterclockwise direction and is reckoned negative in the clockwise (opposite direction),   is measured in radians. It is not unique, but multivalued and is determined up to k, for any integer k.

Example: for complex number  

 ,

arg z .
	



	Conjugate complex numbers or complex conjugate number of z denoted by   is defined as , i.e. z and   differ only in the sign of the imaginary part. Conjugation has the following properties which follows easily from the definition:
1. 

  and 
2. 
   then   z  must be real.
3. 

4. 




Example: Let  .       Prove .



Prove: As  , то 


=

=

=
Geometrically this result means (denote): sum of square length rhombus’s diagonal is equal sum of square length all rhombus’s sides.

Example: prove that  



Prove: Let   and . Then consider 

 Squaring on both sides:

   or


2  squaring again on both sides:



,       

i.e.   which is always true.

Thus   



Note:  Geometrically the triangle states that the sum of the two sides of a triangle  is greater than the third side of the triangle   . The equality sing holds good i.e.    when the triangle degenerates into a straight line.
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